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Unit Lessons
Lesson 1:

The Exponential Function

Lesson 2:

The Logarithmic Function

Lesson 3:

Logarithms

Lesson 4:

Exponential Equations

Lesson 5:

Logarithmic Equations

Lesson 6:

Applications of Exponents and Logarithms

Homework:
Most assignments for practice will be from your workbook: Pearson PreCalculus 12. Other assignments will be handed out for marks as needed.
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Learning Outcomes
At the end of this unit, you should be able to:
Graph and analyze exponential and logarithmic functions:
•

Sketch graphs of the form

=

,

> 0 (including base “ ”) and identify the

characteristics such as the domain, range, horizontal asymptote and intercepts.
•

Apply transformations to the graph of

•

Sketch the graph of the form

= log

,

=

,

> 0, and state the characteristics.

> 1 (including base “ ”) and identify the

characteristics such as the domain, range, vertical asymptote and intercepts.
= log

,

> 1, and state the characteristics.

•

Apply transformations to the graph of

•

Demonstrate graphically that a logarithmic function and an exponential function with the
same base are inverses of each other.

Solve problems that involve exponential and logarithmic equations:
•

Determine the solution of an exponential equation where the bases are powers of one
another.

•

Determine the solution of a exponential equation where the bases are not powers of one
another.

•

Determine the solution of a logarithmic equation and verify the solution.

•

Explain why a solution to a logarithmic equation may be extraneous.

•

Solve problems involving exponential growth or decay, compound interest, the Richter
scale, the pH scale.

Demonstrate an understanding of logarithms:
•

Explain the relationship between logarithms and exponents.

•

Express a logarithmic expression as an exponential expression and vice versa.

•

Determine the exact value of a logarithm.

•

Estimate the value of a logarithm, using benchmarks.

Demonstrate an understanding of the product, quotient, and power laws of logarithms:
•

Develop and generalize the laws for logarithms.

•

Prove each law of logarithms.

•

Determine equivalent logarithmic expressions.

•

Determine the approximate value of a logarithmic expression.
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Key Terms/Vocabulary
Exponent

Base

Exponential Equation

Same base

Inverse

Logarithm

Benchmark
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Lesson 1: The Exponential Function
=

An exponential function is any function that can be written in the form of
where is a positive constant.
Graph of

=

,

>1

Graph of

=

,

<1

• The function is increasing.

• The function is decreasing.

• The graph has a

• The graph has a

−intercept of 1.

• The graph approaches the

−axis

,

−intercept of 1.

• The graph approaches the

−axis

but never reaches it. It has a

but never reaches it. It has a

horizontal asymptote of

horizontal asymptote of

• The graph has no

= 0.

−intercept.

• The domain is −∞, ∞ .
• The range is 0, ∞ .

• The graph has no

−intercept.

• The domain is −∞, ∞ .
• The range is 0, ∞ .

= 0.
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Example 1: Sketch the following exponential functions.
a)

=3 .

Determine:
i. if the function is increasing or decreasing
ii. The intercepts
iii. The equations of any asymptotes
iv. The domain
v. The range

b)

=

.

Determine:
i. if the function is increasing or decreasing
ii. The intercepts
iii. The equations of any asymptotes
iv. The domain
v. The range
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c)

=

.
The number frequently occurs in mathematics (especially calculus) and is an
irrational constant (like π). Its value is e = 2.718 281 828 ... Natural logarithms are
commonly used throughout science and engineering.

Determine:
i. if the function is increasing or decreasing
ii. The intercepts
iii. The equations of any asymptotes
iv. The domain
v. The range

d)

= 2

+3

Determine:
i. if the function is increasing or decreasing
ii. The intercepts
iii. The equations of any asymptotes
iv. The domain
v. The range
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Example 2: Transformations of the Exponential Function
The transformations that we learned previously can be applied to the graph of the
exponential function.
1. Describe the transformations on the following exponential functions:
a)

=2 +3

b)

=2

c)

−4=2

d)

=

e)

= −4!

−1

2. Sketch the following exponential functions.
a) "

= −2 − 4

Determine:
i. if the function is increasing or decreasing
ii. The y-intercept
iii. The equations of any asymptotes
iv. The domain
v. The range
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b) "

=2 3

Determine:
i. if the function is increasing or decreasing
ii. The intercepts
iii. The equations of any asymptotes
iv. The domain
v. The range

c)

= 4

−3

Determine:
i. if the function is increasing or decreasing
ii. The y-intercept
iii. The equations of any asymptotes
iv. The domain
v. The range
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d)

=2

Determine:
i. if the function is increasing or decreasing
ii. The intercepts
iii. The equations of any asymptotes
iv. The domain
v. The range

e)

=−

3

+2

Determine:
i. if the function is increasing or decreasing
ii. The y-intercept
iii. The equations of any asymptotes
iv. The domain
v. The range

Assignment Time! Work on p.349- 3, 4, 7, 10, MC 1&2
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Lesson 2: The Logarithmic Function
The logarithmic function is the inverse of the exponential function.
Compare the graphs of = log # and = 3 to clarify why they are inverse functions.

The graph of

=3

• The graph has a

The graph of
−intercept of 1.

• The graph approaches the

−axis but

= log3

• The graph has a

−intercept of 1.

• The graph approaches the

−axis but

never reaches it. It has a horizontal

never reaches it. It has a vertical

asymptote of

asymptote of

• The graph has no

= 0.

−intercept.

• The graph has no

• The domain is −∞, ∞ .

= 0.

−intercept.

• The domain is 0, ∞ .

• The range is 0, ∞ .

• The range is −∞, ∞ .

• The function is increasing.

• The function is increasing.

When graphing logarithmic functions, the same rules for transformations apply. The
graphing form of a logarithmic equation is:
=

log $ %

−ℎ '+(
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Example 1: Sketch the following logarithmic functions.
a)

= log .

Determine:
i. if the function is increasing or decreasing
ii. The intercepts
iii. The equations of any asymptotes
iv. The domain

v. The range

b)

= log

−1 .

Determine:
i. if the function is increasing or decreasing
ii. The intercepts
iii. The equations of any asymptotes
iv. The domain

v. The range
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c)

= −log

)

+ 1 − 2.

Determine:
i. if the function is increasing or decreasing
ii. The intercepts
iii. The equations of any asymptotes
iv. The domain

v. The range

d)

= ln

Determine:
i. if the function is increasing or decreasing
ii. The intercepts
iii. The equations of any asymptotes
iv. The domain

v. The range

Assignment Time! Work on p.407- 8, 9, 10, 11, MC 2

P a g e | 13

Lesson 3: Exponential Equations with the Same Base
Review of the Laws of Exponents
Rule name

Product Rule

Rule
+

∙

+

Quotient Rule

=
=

+

Power Rules

3

+ 5

+

Exponent of Zero

9

2# · 2. = 2#

+

2
=2
2#

+

=

+
+5

4 =

Negative Exponents

Exponent of One

Example

=

5

1

=1

2

#

= 2/ = 128

=2 = 4

#

=2

∙#

= 21 = 64

4
4.
6 #7 = 1 = 4
2
2
3

+

.

=

=

1
=9
3

59 = 1
5 = 5

Example 1: Evaluate the following without using a calculator.
a) 36 ;

b) 16

!
<

c)

)
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Example 2: An exponential equation is one where the variable is in the exponent. One
method to solve exponential equations is to convert both sides of the equation into
terms with the same base. Solve the following equations by using the “same base”
technique.

a) 9x = 27

b) 3

c) 323x – 2 = 16

d) 5

e)

41 =

1.

f) 125

= 81

= 625

= 25

.
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= 32

g) = >

h) 2

= 64

i) 16

#

j) √27

= 32

=

#

A

Assignment Time! Work on p.364- 3-6, 9, 10, MC 1&2
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Lesson 4: Logarithms
If we try to solve the following exponential equations, we realize we can’t convert these
into the same bases. One approach is to use “benchmarks”; which is a trial and error
strategy.
Example 1: Solve, to two decimal places, the following exponential equations using trial
and error.
a) 2 = 10

b) 25 = 4

It is difficult and not efficient to use trial and error to solve exponential equations. That
is why we use logarithms to solve equations where we can’t convert to the same bases.
We have to learn how to convert from exponential to logarithmic form and vice versa.

Example 2: Converting between exponential and logarithmic form.
1. Express each of the following in logarithmic form.
a) 3# = 27

b) 49 =1

d) 10 = 100

e) 2

.

=

1

c) 5

=

f) 3

=A
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2. Express each of the following in exponential form.
a) log 5 125 = 3

b) log 1000 = 3

c)log 16 = −

d) log / 1 = 0

f) −2 = log

g) log 8 = 3

.

The following examples give some more practice with logarithms.
Example 3: Evaluate the following.
a) log 125

b) log 1

c) log # log . 64

Example 4: Solve for :
a) log 1

=3

b) log 9 =
c) log

<

= −#

d) log 32 =

Assignment Time! Work on p.381- 4-7 (not 6b), MC 1&2

.
#
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Lesson 5: Laws of Logarithms
We saw from the previous lesson that logarithms are necessary to solve exponential
equations that can’t be solved by using the “same base” technique. There are Laws of
Logarithms that are found on your formula sheet and are used to simplify logarithmic
expressions and equations.

Law of Logarithms:
As with exponents, there are laws we use for when working with logarithms. These laws
are used to simplify logarithmic expressions or to expand a logarithm.
log + CD = log + C+log + D
log +

C
= log + C − log + D
D

log + CE = F log + C
Also helpful to know:
log +

E

=F

log + 1 = 0

log +

=1

Example 1: Use the Laws of Logarithms to rewrite as a single logarithm.
a) log . + log .

b) log

− log
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c) 2 log # + 4 log #

− log # G

d) ln

+5

− 4 − 2 ln

Example 2: Use the Laws of Logarithms to expand each expression.
a) log

#

b) log .

!

H

c) ln √

d) log 1

.

!

√#1
H;
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Example 3: Use the Laws of Logarithms to evaluate each expression.
a) log . 8 + log . 32

b) log A 81

c) 2 log 12 − = log 6 + # log 27>

Example 4: Use the Laws of Logarithms to evaluate the following without a calculator if
log 2 = 0.301 and log 5 = 0.699.
a) log 50

b) log 40

c) log √100
!
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Example 5: Estimate the value of the logarithms using benchmarks (trial and error).
a) log 7

b) log # 5

Example 6: Change of Base Formula
The change of base formula allows you to rewrite a logarithm in terms of logs written with
another base. This is especially helpful because it allows us to use a calculator to evaluate a log.
(Calculators only have base “10” and base " " programmed into them so the change of base
formula will let you change a base “4” for example to a base “10”.

log +

=

log
log

Example 1: Use the Change of Base Formula and your calculator to evaluate the following to 3
decimal places.
a) log 15

b) log 30

c) log # 100

Assignment Time! Work on p.393- 4, 5, 8, 12-14, 16-18, MC 1&2
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Lesson 6: Logarithmic Equations
Use the following tips to solve logarithmic equations.
• Isolate logarithms to one side of equation.
• Combine several terms with logarithms into a single logarithm
• Once you have combined all logarithmic terms into one logarithm, convert to
exponential form.
• Solve for the variable.
• Remember to check for extraneous roots.
Example 1: Solve the logarithm equations. Solve to 3 decimal places if needed.
a) log . + log .

b) log + log

c) log

+ log

+6 =2

+3 =1

− 2 = log 9 − 2
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d) log J

e) 2 log

f) ln

− 9 − log J

− log

+3 =2

−1 =2

+1 −2=0

Assignment Time! Work on p.422- 3, 4, 5, 9, 11, 13, MC 2
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Lesson7: Exponential Equations
Use the following tips to solve exponential equations.
• Convert to same bases and combine if possible and solve with the same base
technique.
• If you can’t convert to same bases, use logarithms to solve.
Example 1: Solve the following exponential equations. Round to 3 decimal places if
needed.
a)

3

J

b) 4

c)

= 9#

=1

9

.

= 1 000 000
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d) 55 = 2

e) 2 7

f)

5#

g) 3

= 100

= 45

#

h) 5 3

=

=2

Assignment Time! Work on p.423- 7, 8a, 10, 12, 14, MC 1
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Lesson 8: Applications of Exponents and Logarithms
There are many applications of exponential and logarithmic equations. Some problems
that involve the application of logarithms and exponents involve, growth rates of
populations, radioactive decay, compound interest, the pH scale, the Richter scale, etc.
Example 1: A country’s population is growing at the rate of 3% annually. Assume that
the population is now 30 million. Use the formula K = L MN to answer the following:
a) What will the population be in 15 years?
b) How long will it take for the population to double?
c) What assumptions are we making?
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Example 2: There was a nest with 200 wasps. If the rate of increase of the wasp population
per day was 0.015, how many days did it take for the wasp population to double? Use the
formula K = L MN .

Example 3: A radioactive substance is decaying according to the formula K = L 9. N ,
where K is the amount of material remaining after O years and L is the initial amount of
the substance, which was 80 gams.
a) How much remains after three years?
b) Determine the half-life of this substance.
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Example 4: How much would you have to invest initially if you wanted to have $5 000
after 10 years, in an investment with an annual rate of 6.5% that is compounded
M
monthly? Use the compound interest formula K = L 1 + EN .
E

Example 5: Given pH = –log[H+] where [H+] is the hydrogen ion concentration. A lake
affected by acid rain has a pH of 4.4. A person suffering from heartburn has a stomach
acid pH of 1.2. How many times greater is the hydrogen ion concentration of the stomach
than that of the lake. Express your answer as a whole number.
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Example 6: A certain culture of bacteria triples every 25 hours and grows according to
the formula K = L 3 MN . The initial count of a sample shows 1000 bacteria present.
a) Determine the rate of growth of this culture.
b) How many bacteria were there 18 hours after the initial count?
c) Approximately how many bacteria will there be in 2 days?

Example 7: The decibel scale measures the intensity of sound. The loudness of a sound,
Q
P decibels (dB), can be determined using the function P = 10 log
, where S is the
Q R

intensity of the sound and S9 is the intensity of the quietest sound that can be detected.

a) The loudness of a rock concert is 120 TU. Calculate the intensity of this sound in
terms of S9 .
b) If the intensity of normal conversation is 101 S9 , how many times as intense as the
sound of normal conversation is the sound of a rock concert?

